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Algorithmically determining whether
a rational point is inside an open,
constructive set or on the boundary of it is

generally impossible
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1. Introduction

Constructive mathematics is a subfield of math-
ematics which emphasizes constructive methods
and proofs. In 1967, Bishop published the seminal
monograph Foundations of Constructive Analysis
[1], which laid a solid foundation for a program of
mathematical research that thrived soon. In contrast
to traditional mathematics, which concentrates on
the existence of mathematical objects, constructive

mathematics focuses on the explicit construction of
mathematical objects. Another school of Constructive
mathematics was developed by Markov, Shanin [2],
and their followers in Russia. Kushner [2] wrote the
text describing the Russian constructive mathematics
approach. The difference between the Russian and
the USA schools is that the Russian school believes
in Markov’s principle, which sometimes allows to
include proofs by contradiction. [3]

Def 1.1 Decidable sets: let p be some set of words in
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an alphabet A. We say that p is algorithmically decidable
if there is an algorithm that applies to every word in A,
and it gives “Yes” when the word is exactly in p and “No”
otherwise.[4]

Def 1.2 Enumerable sets: A set p is called algorithmically
enumerable if we can construct an algorithm U over A
such that vV n € N and every word P in A.

If U (n) terminates then U (n) e p and if P € p then one
can algorithmically find i such that U(i) terminates and
U(i) = P. We say that U enumerates p.

Def 1.3 Unextendible Program: A program that cannot be
extended is an unextendible program that is partially de-
fined fails to terminate for certain positive integer inputs
and cannot be modified to work for all positive integer in-
puts. The theory of Computer Science holds the classical
fact that unextendible programs exist; see A. Shen, and
Vereshchagin N.K. [2].

This paper demonstrates that it is not always possible to
determine algorithmically if a rational point is located on
an open set’s boundary, interior, or exterior. We choose a
rational point r=1 and use an unextendible algorithm P (n)
to construct an open set | (n) on the rational line.
Theorem: The interior or boundary of an algorithmically
generated open set cannot always be determined by an al-
gorithm.

General idea of the proof is as follows. We assume that
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it can always be algorithmically decided if the point is
inside or on the boundary of an open set, we use such a
decision program Q (I, r) to construct a total extension of
the unextendible program P. This gives a contradiction.
Hence, the theorem is proved.

2. Definitions

Def 2.1 Constructive Real Number (CRN): CRN is a
combination of two computer programs, a(k) and B(k).
a(k) is a computer-generated Cauchy sequence of rational
numbers, and B(k) is the convergence regulator, i.e., the
computer-generated sequence of positive integers, such
that VneN, |a(i) - a(j)] < 27" holds for Vi, j >B(n). The
Standard Regulator is B(n) = n.

Def 2.2 Constructive function: An algorithm transforms
every CRN into a CRN, which should take equivalent
CRNs to equivalent CRNs. All usual functions, such as
cosine, logarithm, etc., are constructive functions, Kush-
ner [5].

Remark: In the work of Turing A. [4,6], Constructive Real
Numbers first made their appearance in a slightly different
form.

3. Notations

Symbols Descriptions

E An open constructive set

M A fixed large number

I The n-th open interval with rational endpoints
oE The boundary of the set

IntE The interior of the set
4. Theorem

Algorithmic decisions about whether a rational point on
the constructive real line is inside or outside an open set
are generally impossible. If we prove the theorem asser-
tion in this situation, it is possible to prove it in general
for arbitrary constructive separable metric spaces, as the
real line R is precisely the case in one dimension. See the
discussion of constructive separable metric spaces later in
this paper.

5. Proof

P(K) is an unextendible program that transforms positive
integers to 0 or 1. Given a fixed rational number 1, we can
consider k=1 at first. Define a sequence of open intervals

. If the program terminates on
@-2"",M),n=N

In(k):{(1+2‘”,M),n <N
N-th step

We get the open set | (1), which I (1) is the union of In (1).
Assume there is a program Q that, given an open set and
a rational point, produces 1 if the point is in the interior of
the open set and produces 0 if the point is in the boundary
of the open set. Apply Q to the pair I (k) and the rational
number 1. This program prints 0 exactly if P (k) never
terminates and it prints 1 exactly if P (1) eventually termi-
nates.

Similarly, apply Q to the pairs I(k), k=2, 3 ... and the ra-
tional numberr =1. Now we see that we have a decision
algorithm that tells if P(k) will eventually terminate, but
the domain of P is undecidable. Thus, we have a contra-
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diction, and the program Q cannot exist.

Remark: the open set in the theorem proof consists of in-
finitely many intervals so to avoid misunderstanding we
apply the decision algorithm Q to the computer code that
generates this infinite union rather than to the union itself.
Def 5.1 Separable constructive metric topological space:
We have a collection of algorithmically given points. For
any pair of points, there is a program that gives the dis-
tance between them, which is CRN. The topological space
we discussed above should have an enumerable basis.
Since the definition of separable constructive metric to-
pological space and theorem holds for the real line, it will
hold for such spaces as well.

6. Conclusion

The result we provide is that it is generally impossible to
determine whether a rational point is inside or outside an
open set based on constructive mathematics insight.
Acknowledgment

Jiajie Fang, Qisheng Ge, and Peihong Li contributed

equally to this work and should be considered co-first au-
thors.

References

[1] Bishop, E. 1967. Foundations of constructive analysis,
McGraw-Hill, New York

[2] Shanin N.A., “A hierarchy of ways of understanding
judgments in constructive mathematics” Problems of the
constructive direction in mathematics. Part 6, Trudy Mat.
Inst. Steklov., 129, 1973,203-266; Proc. Steklov Inst. Math.,
129(1973), 209-271

[3] Kushner, B.A. 1985, Lectures on Constructive Mathematical
Analysis, Providence, RI: American Mathematical Society.

[4] A. M. Turing: On computable numbers, with an application
to the Entscheidungsproblem, Proc. Lond. Math. Soc., ser. 2, 42
(1936), 230-265

[5] Shen, A., and Vereshchagin N.K. Computable Functions.
AMS Press, 2003

[6] A. M. Turing: Corrections, Proc. Lond. Math. Soc., ser. 2, 43
(1937), 544-546





